Abstract. In this note we point out that the arguments by Campos and Tarallo [1] implied the existence of periodic brake orbits with minimal period greater than any prescribed number for real analytic Lagrangian autonomous systems on tori.
where L(q,q) = 1 2 (A(q)q,q) − V (q), the matrix A(q) is symmetric and positive definite for every q ∈ R n and A and V are 1-period in each variable. For the flat metric A, i.e. A being a positive matrix on R n without depending on q ∈ R n , and C 3 -smooth V , Yiming Long and the first author proved in [2] that for any τ > 0 the system (1) possesses infinitely many geometrically distinct contractible periodic solution orbits of periods being integer multiples of τ . When both A and V are assumed to be real analytic functions of q, it was also proved in [1] by Campos and Tarallo that for every τ 0 > 0 there exists a periodic solution to (1) with minimal period greater than τ 0 . Here we are interested in the existence of τ -periodic solutions q : R → R n of (1) satisfyinġ
Such periodic solutions are called brake orbits of (1) because they bear some formal analogy with brakes studied by Seifert [4] . Clearly, a
must satisfy (2) . Moreover, a τ -periodic map q : R → R n satisfies (3) if and
A map q : R → R n satisfying (4) is said to be reversible in time. So a periodic solution of (1) which is reversible in time gives rise to a brake orbit of (1) . Note also that a τ -periodic map q : R → R n satisfies (4) if and only if q(kτ/2 + t) = q(kτ/2 − t) for any t ∈ R and k ∈ Z. Thus a τ -periodic solution q : R → R n of (1) satisfying q(t) = q(−t) automatically products many other such periodic solutions of (1), such as q k (t) = q(t + kτ /2) + h with k ∈ Z and h ∈ Z n . For τ i -periodic solutions q i : R → R n of (1) 
There is a natural Z n -action on it. For each τ > 0, a τ -periodic solution q to (1) corresponds to a critical point u of the Z n -invariant smooth functional
Denote by H 0 the subspace of H consisting of those u ∈ H which are reversible in time, i.e., u(t) = u(−t) for any t ∈ R. It is easily checked that H 0 is a Hilbert subspace of H. As in [3] , one can prove that A τ also satisfies the Palais-Smale condition on
Lemma 2. A map q : R → R n which is reversible in time is a τ -periodic solution to (1) if and only if u(t) := q(τ t) is a critical point of
Proof. We only need to prove that a critical point
. It is actually involution with fixed point set
Combing this lemma with Lemma 5 in [1] we have the claim that for every S ∈ R there exists a T > 0 such that
As in [1] we always assume that max V = 0 so that A τ (u) ≥ 0 ∀u ∈ H and that the ground level zero is attained only at the constant functions that maximize V . Then the critical value sets
where [ū] is the equivalence class ofū ∈ R n in T n = R n /Z n . Then P is surjective because {u ∈ H 0 | u =ū} is isomorphic to R n and there exists a 
(ii) τ → c(τ ) is decreasing and locally Lipschitz continuous in (0, +∞);
Proof The proofs of (i) and (ii) are completely same as that of [1] . (iii) can also be obtained by slightly modifying proof in [1] . The goal is to construct a closed subset S τ ∈ Γ for each τ such that sup Sτ A τ → 0 as τ → ∞. For any τ and λ
where
and Θ
The latter shows that we can 1-periodically extend Θ
Then S τ is closed in H 0 and P(S τ ) = B 1 × B 2 , where
Hence S τ ∈ Γ. Repeating the arguments at the end of proof of Proposition 6 in [1] , one can prove that S τ satisfies our requirements, that is, 
